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Abstract 



We investigate the quantization of the bosonic string model which has a local 
' U(1)vxU(1)a gauge invariance as well as the general coordinate and Weyl invariance 

on the world-sheet. The model is quantized by Lagrangian and Hamiltonian BRST 
formulations d la Batalin, Pradkin and Vilkovisky and noncovariant light-cone gauge 
formulation. Upon the quantization the model turns out to be formulated consistently 
in 26+2-dimensional background spacetime involving two time-like coordinates. 



1 Introduction 



It is the purpose of this paper to cast some further hght upon constructions of theories 
involving two time coordinates. To consider the physics which has more than two time 
coordinates might be a clue to understand the origin of time and spacetime. 

Several theories constructed on spacetime with two time coordinates are investigated 
from various viewpoints, such as F-theory PP, two-time physics j2] and 12-dimensional 
super Yang-Mills theory ^3j. F-theory is proposed by Vafa as an extended concept of string 
theory and constructed by using field theory of super (2,2)-brane llj with 10+2-dimensional 
background spacetime. The two-time physics is proposed by Bars as a device for searching 
a unified theory and developed by himself and his collaborators [5 . In this context, string- 
particle systems are proposed [6^ from string theory point of view. By introducing constant 
null vectors in background spacetime into the formulation, the 12-dimensional super Yang- 
Mills theory P| is also proposed. 

Some years ago, one of the authors (Y.W.) had proposed a model which has a U(l)vX 
U(1)a gauge symmetry in two-dimensional spacetime [Zj. The striking feature of this 
model is that there exists a negative norm state in two-dimensional spacetime as the same 
as string theories [7j. Using the U(l)v x U(1)a gauge symmetry he also proposed string 
models which have two time-like coordinates in ref. [51. These models have the U(1)vxU(1)a 
gauge symmetry or a supersymmetric version of the U(1)vxU(1)a gauge symmetry on the 
two-dimensional world-sheet. The background spacetimes of the U(1)vxU(1)a bosonic and 
superstring model might be 26-1-2 and 10-1-2 dimensions, respectively. In ref. jU] manifest 
covariant formulations of the string models are given. 

We in this paper further study the U(l)v xU(1)a string model. In particular, it would 
be obviously important to explicitly carry out the quantization, so that we can argue not 
only the critical dimension but also the mass spectrum at the quantum level. Since many 
concepts in string theories are presented in bosonic models, we focus our attentions on the 
bosonic U(1)vxU(1)a string model in this paper. A quantization of the superstring model 
based on our framework will be discussed in an additional work elsewhere jlUj . 

The U(1)vxU(1)a string model is constructed as gauge field theory on two-dimensional 
world-sheet |8j. Although the similar models were investigated in refs. [Hllllj . an advantage 
of the formulation of our model is its manifest covariant expression in the background 
spacetime by using the U(l)v x U(1)a gauge symmetry P|, so that in this paper we can 
easily carry out the quantization with preserving the covariance. The U(1)vxU(1)a gauge 
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symmetry is essential in our model. In constructing the covariant action, the generalized 
Chern-Simons action ^2] proposed by Kawamoto and one of the authors (Y.W.) as a new 
type of topological action plays an important key role. 

There are two remarks in quantizing our model. Firstly the action has a reducible sym- 
metry which originally arises from symmetric structures of the generalized Chern-Simons 
action JH]- Secondly the gauge algebra is open. In the covariant BRST quantization of 
the system including reducible and open gauge symmetry, we need to use the formulations 
developed by Batalin, Fradkin and Vilkovisky ^1^]. By adopting these methods we 
explicitly show the covariant quantizations are successfully carried out in the Lagrangian 
and the Hamiltonian formulations. 

In order to treat the dynamics of our model more directly, we also quantize the model 
in noncovariant light-cone gauges. The suitable noncovariant gauge conditions can be 
imposed by residual symmetries of the U(l)v x U(1)a gauge symmetry and we can then 
solve all of the gauge constraints explicitly. We can also confirm that the existence of 
two time-like coordinates is not in conflict with the unitarity of the theory, since the two 
time-like coordinates are required by our "gauge" symmetry. 

As an important feature of quantum string models, we can argue the critical dimension 
of the background spacetime. In usual bosonic string theories, the critical dimension is 
25+1 linillllllHI, which is estimated by the BRST [1211201 and the light-cone gauge for- 
mulation [21]. For our bosonic model, the critical dimension turns out to be 26+2. We 
obtain this result directly from both the BRST and the noncovariant light-cone gauge 
formulations. 

This paper is organized as follows: We first introduce the U(l)v x U(1)a string model 
and explain semiclassical aspects of the model in Section 2. The preparation for the 
quantization is also given in this section. We present the covariant quantization based on 
the Lagrangian formulation in Section 3. In this section we investigate the perturbative 
aspect of the quantized model and determine the critical dimension of our U(1)vxU(1)a 
string model. In Section 4 the covariant quantization of the same model is carried out in 
the Hamiltonian formulation. By taking suitable gauge fixing conditions we reproduce the 
same gauge-fixed action in the Lagrangian formulation. We also obtain the BRST charge 
in this section. The quantization under noncovariant light-cone gauge fixing conditions is 
carried out in Section 5. We then study the symmetry of the background spacetime and 
obtain the same critical dimension by direct computation of the full quantum Poincare 
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algebra. We also present a mass-shell relation of the model and give low energy quantum 
states. Conclusions and discussions are given in the final section. Appendixes A and B 
contain our conventions. We also exhibit the BRST formulation of U(l)v x U(1)a model 
without two-dimensional gravity in Appendix C. 

2 U(l)v X U(1)a bosonic string model 
2.1 Classical action and its symmetries 

The U(l)v X U(1)a bosonic string model |8J described by two-dimensional field theory 
consists of D scalar fields ^^(x), an Abehan gauge field Ajn{x) and the metric gmn{x). The 
two-dimensional spacetime coordinates are x"^ (m = 0, 1) and the signature of metric is 
(— ,-|-). Our conventions are given in Appendix A. The scalar fields ^^(x) are considered 
to be string coordinates in £)-dimensional flat background spacetime with the background 
metric: 





-1 


(/ = J = 0) 






1 


(^I = j = i^ i = 1, 2, L)-3) 




ViJ = rj^-^ = < 


-1 


(/ = J = 0) 


(2.1 




1 


(/ = J=l) 









(otherwise) 





The indices / and J run through 0, 1, 2, ... , D—3, 0, 1. As we will explain, the unitarity as a 
two-dimensional field theory requires two negative signatures to the background metric rju, 
because the U(1)a gauge transformation as well as the general coordinate transformations 
removes a negative norm state. At the quantum level the absence of conformal anomaly 
requires D = 28, however, we need not specify the value of D at the classical level. 
The covariant action of the present model 0| is 

1 



5- = Jd'xV^i^--g'^-dU'dn^i + A^(f)jdme)+SGCs, (2.2) 



where 



g{x) = detg^nix), ^ -g{x) A"^(x) = £"^M„(x). 

The action S'gcs is the generalized Chern-Simons action which is formulated in two 
dimensional spacetime [T2j 

1 ^ 



2.3) 



where 

^-g{x) B^'{x)=e^^Bi{x) , ^-g{x)C{x) = \e^^C^n{x) ■ 

The fields (t)\x), B^{x) and Cmn{x) are introduced for the purpose that the action S has 
the covariant form in the background spacetime. A derivation of the action ()2.3j) from the 
original generalized Chern-Simons action has been given in the paper PJ. 

The action ()2.2j) is invariant under the following U(1)vxU(1)a gauge transformations, 



5^' = V 



mn 



bB^' = - v^dn^' + ^'^?""5ne', (2.4) 
6(f)' = 6gmn = 0, 

where the parameters v{x) and v'{x) correspond to the vector U(l) transformation "U(l)v" 
and the axial vector U(l) transformation "U(1)a", respectively. Since the generalized 
Chern-Simons action is invariant under nontrivial gauge transformations, the action ()2.2|) 
is also invariant under these gauge transformations with gauge parameters u'{x) and 

SB""' = ^^9nu' - W"'(f)', 

6C = Vmw"^, (2.5) 
S^' = 6A^ = 5(1)' = 5gmn = 0. 

The action ()2.2j) is invariant under the general coordinate transformations and the Weyl 
transformation 

SA"" = k'^dnA"' - dnk"'A'' + 2si™, 



(2.6) 



5C = k^'dnC + 2sC, 

^gmn — k^digmn + d^k^ gin + ^nk^ g-ml ~ '^Sgmny 

where k^{x) are parameters for the general coordinate transformations and s{x) is a scaling 
parameter for the Weyl transformation. 



Here it is worth to mention about some algebraic structures of the symmetry. The first 
is the reducibihty of the symmetry. The system is on-shell reducible because the gauge 
transformations ()2.5|) have on-shell invariance under the following transformations of the 
gauge parameters with a reducible parameter w'{x), 



e- (2.7) 

Since the transformations ()2.7|1 are not reducible anymore, the action ()2.2j) is called a first- 
stage reducible system. The on-shell reducibihty is the characteristic feature of the gauge 
symmetry ()2.5p for the generalized Chern-Simons action and the quantization of such a 
system has been discussed in the previous works ^3] ■ The second is that the gauge algebra 
is open. This means that the gauge algebra closes only when the equations of motion are 
satisfied. Actually, a direct calculation of the commutator of two gauge transformations 
on B"^\x) leads to 

_ ^mn 

where the dots (■ ■ ■) contain terms of the usual "structure constants" of the gauge algebra. 
From the points of view of these structures of the gauge symmetry we adopt the Batalin- 
Fradkin-Vilkovisky formulation ^J^j which allows us to deal with reducible and open 
gauge symmetries to obtain covariant gauge-fixed theories. 

2.2 Semiclassical aspects 

Before getting into the quantization of the system, we present semiclassical aspects of the 
action (j2.2|) by eliminating gauge fields through their equations of motion. Indeed, this 
manipulation might be helpful to understand the heart of the model. 

First, equations of motion for the fields B^\x) and C{x) give constraints 

dm4>i = 0, ^ ^ 

(2.8) 

0V/ = 0. 

The nontrivial solution for these constraints is possible if the background spacetime metric 

includes two time-like signatures 1)2.11) . In the light-cone notation*, one of the interesting 

*We use a convention of the light-cone coordinates for the background spacetime as = (x'^, x"*", 
where = -^{^^ i x^) and the index /i runs through 0, 1, . . . , Z? — 3. 
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solutions, which is naturally related with the usual string action, is <^~(a;) = (j)^{x) = and 
(f)'^{x) = const.. By substituting this solution into the classical action (j2.2p . the action S 
becomes 

S = jd^x^i^- \g'^^^d^ed^ii - l"^0+a^r ) • (2.9) 

In the action ()2.9|) a relation dm^~{x) = is given by the equation of motion for A"^{x). 
Then, the final form of the action becomes the usual string action 

S = Jd^x^^^-^g^^'^dU'dn^,)- (2.10) 

Thus, the string action ()2.10|) is regarded as a gauge- fixed version of the action ()2.2|) . The 
scalar fields (j)\x) play an important role for the covariant formulation of the U(1)vxU(1)a 
string model in the background spacetime which involves two time-like coordinates.^ 

From the above manipulation it is suggested that the critical dimension of the back- 
ground spacetime is defined as D — 3 = 25, i.e. D = 28. However the dimensions D should 
be determined in the quantum analysis as we will investigate on this paper. We also want 
to emphasize that the quantization will be carried out with preserving Z)-dimensional co- 
variance. 

2.3 Preparation for the quantization 

In order to carry out the quantization of the model smoothly, we here introduce new D 
scalar fields 4>\x) by replacing B"^\ 

Because of the above replacement, a new gauge symmetry with a gauge parameter u'\x), 



6^^ = u'^, 



(2.11) 



appears. Then, the action ()2.2p is modified to 

S = jd\^g(^- ^g'^^'dmednii - g'^'^dm^'dnh 



+ A^<Pid^e + B^'drnh - \c<p'h ] . (2.12) 



^Using this method, the noncovariant quantization of the models with an extra time coordinate was 
done in [HIE]- Their models are similar to our model, but do not contain the U(l)v x U(1)a gauge 
symmetry. 
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Together with the gauge symmetry (j2.5p the new gauge symmetry (j2.1ip constructs another 
U(1)vxU(1)a gauge symmetry on the gauge fields B"^^{x). In particular, these U(1)vxU(1)a 
gauge symmetries turn out to be helpful for the covariant quantizations. 

In addition to the gauge symmetry (|2.4p - (j2.6|) and (|2.11|) . the action (|2.12|) is also 
invariant under the following global transformations, 

i=l 

5^^ = r^^ + uj^ j^^ , (2.13) 

i=l 

5C = 2rC, 

5gmn = 0. 

In the transformation ()2.13p the parameters ujj = —ujji, and r are global parameters 
for the D-dimensional Lorentz transformation, the translation and the scale transforma- 
tion, respectively. The functions hJ^^{x) are harmonic functions which satisfy Vm^(^)(a^) = 
^mnV™'/i"j-)(x) = (i = 1, 2, . . ., 2(yf; g = genus of two-dimensional spacetime) and ctj and 
/?/ are global parameters. 

3 Covariant quantization in the Lagrangian formula- 
tion 

In this section we consider the covariant quantization of the action (|2.12p . As we explained 
in the previous section, the action has first-stage reducible and open gauge symmetries. In 
order to quantize the action we adopt the field-antifield formulation d la Batalin-Vilkovisky. 

In the construction of Batalin-Vilkovisky formulation ^3], ghost and ghost for ghost 
fields according to the reducibility condition and corresponding each antifields are intro- 
duced. The Grassmann parities of the antifields are opposite to those of the corresponding 
fields. If a field has ghost number n, its antifield has ghost number —n — 1. We denote a 
set of fields and their antifields by ^"^{x) and respectively, 

= (y.^(x),C(x),Cr(x),...,C7(x)), 

^*Ai^) = {¥>Kx),ClJx),Cl^^{x),...,CN,aA^)). 
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The fields {p\x) are classical fields, on the other hand, the fields C^"{x) [n = 0, 1, . . ., A^] are 
ghost and ghost for ghost fields corresponding to A^-th reducible conditions. The classical 
fields ip'^{x) and the ghost fields C^"(x) have the ghost number and n + 1, respectively. 
Then a minimal action S'jnm(^! ^*) is determined by solving the following master equation, 

(^^in($,$*),^min($,$*)) =0, (3.1) 

with the boundary conditions 

= 5'classical(v^), (3.2a) 

K:a-H*), (n = 0,l,...,iV). (3.2b) 



5min($,<f*; 



<S>*=0 



Here the antibracket is defined by 

In this notation, C*ia_j(a;) = <^*(^) t^e antifields of the classical fields cp^x). The 
terms R^'J^^^) and R'^"-^{^) represent the gauge transformations and the n-th reducibility 
transformations, respectively. The master equation is solved order by order with respect 
to the ghost number. The BRST transformations of fields and antifields are given by 

= (S^in, , = ^*^) . (3.4) 

Eqs. (13. 1|) and (j3.4j) assure that the BRST transformation is nilpotent and the minimal 
action is invariant under the BRST transformation*. 

Now let us consider to construct the minimal action 5'min($, $*) of the model. For 



simplicity of calculation we first redefine field variables as ^™"(x) = y — (^(x) (yf™"(a;), 
i"^(x) = ^-g{x) i™(x), 5"^(x) = ^-g{x) 5™^(x) and C{x) = ^-g{x)C{x). Using 
these new field variables, the classical action ()2.12|) is rewritten as 



^classical = jd^x{^- ]^g-^^ d^^ On^I ' ^''d^^'dn'Pl 



+ A^<Pid^e + B"''d:^<Pi - ]^C<p'<Pi + {g + l)Zy (3.5) 

where the scalar density field Z[x) is a multiplier whose equation of motion compensates 

g[x) = det^"*"(x) = —1 |Tn|. We also redefine the gauge transformations ()2.4|) - ()2.6|) and 

*Our convention for the Leibniz rule of the BRST operation is given by s{XY) = {sX)Y + {—Y^^ X (sY) , 
where |X| is a Grassmann parity of field X. 
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(j2.11j) in terms of these new field variables, 

= k''dni' + V'ct>\ 



6Z = d„{k^Z), 



(3.6) 



where we denote w"^{x) = \J —g{x) w"^{x). The gauge transformation of the multiplier field 
Z{x) is required to keep the action ()3.5|) invariant under the general coordinate transfor- 
mations. The reducibility condition (j2.7p is expressed by 



S'u = w'(j) 
6' w"" = d„w'. 



(3.7) 



The classical fields ip'^{x) consist of ^^{x), 0^(x), (f)\x), A"^{x), B"^^{x), C{x), g"^"'{x) 
and Z{x). Here we introduce the ghost fields a{x), a'{x), b\x), b'\x), c"^{x) and d"^{x) 
corresponding to the gauge parameters v{x), v'{x), u\x), u'\x), w^{x) and k"^{x) and a 
ghost for ghost field f{x) to the reducible parameter w'{x). The ghost fields and the ghost 
for ghost field are fermionic and bosonic, respectively. Since the U(1)vxU(1)a model is 
a first-stage reducible system, the boundary conditions ()3.2b|) with n = 0, 1 correspond 
to the gauge transformations ()3.6|) and the reducibility conditions ()3.7|) . respectively. It is 
straightforward to solve the master equation perturbatively in the order of antifields 

I2S1, 



Sr. 



classical 



+ Id^xj -e;(c/"9„e' + a' 

- Al[dn{rA^)-dnd^A^ + 6^^dr.a + g"'^dr,a') 
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- C* ( dn{drC) + 9„c" + 9„a'i" - a'a„i" ) 

+ a*{ rOna ) + a'*{rdna' ) + b}{ (TdJ)^ + f'P^)+ b'j*{rdnb'^ ) 

- nd^d^f)y (3.8) 

The gauge degrees of freedom are fixed by introducing a nonminimal action which 
must be added to the minimal one and choosing a suitable gauge-fixing fermion. We here 
choose the orthonormal gauge condition g"^"{x) — rf^'^ for the world-sheet metric. The 
U(l)v xU(1)a gauge parameters v{x), v'{x) and the global parameter ctj make us possible 
to choose the gauge A^{x) — 0. In the same way, we can choose the gauge B'^\x) — 
by using the parameters u^{x), u'^{x) and We also fix the gauge C{x) — Cq, where Cq 
is a constant parameter, by using the gauge parameter w"^{x). In addition to these gauge 
fixing procedure, wc also impose the condition dm{g'^'^{x)enkC^{x)) = to fix the residual 
gauge degrees of freedom from the reducibility condition. In order to adopt all of these 
gauge fixing conditions, we introduce the nonminimal action 5'nonmin, 

^nonmin = /^'^ ( S^'^dl.Z^^ + E^^'^h^^Zl + Z^ + \d*""' Z^^ - f c' ) , (3.9) 

and the gauge-fixing fermion ^, 

* = yd^X ( Smnd'^A^ + SmnWB''' + c{C - Co) + + /9^(^"^"£nfe£') ) , (3.10) 

where we require traceless conditions 

The antighost fields dm{x)i bmix), c{x), c'{x) and dmni^) are fermionic fields, and the 
auxiliary fields Z!^{x), Z'^j{x), Z'^{x), Z!^^{x) and f{x) are bosonic ones. The ghost 
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(ghost number = — 2) 
(ghost number = — 1) 

(ghost number = 0) 
(ghost number = 1) 
(ghost number = 2) 



numbers of the fields are as follows: 
/ 

Am r r' fl 

c', 0^ 4>', c, 

ya yb yc yd 7 

a, a', 6^ 6'^ c^, 
f 

The BRST transformations of $^(a;) and 3>^(a;) are given by 

= ('S'min + 'S'nonmiiD ) '^^A ~ ('S'min + 'S'nonmiiD ^ a) ■ 

Therefore, the BRST transformations of fields ^^{x) are 

- (e^^a - ^""a')5„^^ - c™0^ + (/ + aa')e"''' B*^ , 

sC = dn{rc) + a„c'^ + a„a'i" - a'a„i'^, 

sa = (T^dna, 
sa' = dT'dntt', 
sb^ = (TOy + f(f)^, 

dnid^'S^) - dnd"'^ + (£"^"a - g"'''a')dna' + e'^'^n/, 
d^'dnd^, 



sB"^^ ^ 



sb 



n 



SC 

sd"" 



(3.12) 



(3.13a) 



and 



sZt, = 0, 
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sbT = sZ'^, = 0, 

sc = Z^, sZ" = 0, (3.13b) 

e/7 — 7*^ — n 

sf^c', 

The antifields are eliminated by using equations ^*a{x) = 6L'i/6^^{x). Then the gauge- 
fixed action is given by 



'S'gauge- fixed — ^min ~l~ 'S'nonmin 



+ A^<t>idme + ^'"^a^c/., - + {9 + i)z 

- c ( dn{rC) + 9,6" + a„a'i" - a'a^i" ) 

- A^zi, - b^'zIj + {c- Co)z^ + \r''zt^ - ^^(^"^nfea'^) c' I 

- C-(9^C + £„fe^^"9„(c' - d^dj)) + r^'dmkdnd' - \r''d''dJmn 

- 2ab"/dU' + SmnbTc'^'P' + l{f + aa')s^Jfb''' 

- A^(Z^ - <t>id^e - Smnd^d^ - dmdhknd^ + cd^a' + dmica')) 

- B^\ZI, - dmh - Brand' dkVi - d^d^J"}) 

+ C{Z' - ]^(t>'(t>i - d^dnc) - CoZ'^ 

+ \r''Zi^ + {g + l){Z- e"^^dUfa')dna') }. (3.14) 
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Here, it should be noted that one can remove a BRST exact term —CqZ'^{x) = —s{Cqc{x)) 
from the above action. An influence of the parameter Cq disappears at the quantum level. 
In order to simplify the form of the action, let us redefine some of fields as follows: 



m' 



Z" - ^<j)'(j)l - d^dnC Z^ 

Z-e^''dmifa')dna'-.Z, 
b" + a'i' ^ b'\ 



Under these field redefinitions, the action ()3.14|) is modified to 



- A^Z:^ - B^'Zl, + CZ^ + ir-^L + + 1)^ }■ (3.15) 
The BRST transformations (|3.13a|) and ()3.13b|) also become 





= d^dni' + aV^ 




= d^dn<p', 




= d'^dn^^ + b'^ - a'i^, 


sf 


= d^dnf, 


sf 


= rdj+c', 


sa 


= d^'dntt, 


sa 


= d'^dna', 


sb^ 


= d'^dnb^ + (/ - CLCL')<f)^ 


sb" 


= d^dnb", 
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sc 

I 

sc 

s<r 

sd"" 

shf 
s&^ 

sB""^ 
sC 



d'^dnd"', 



(3.16) 



mm 



sZ. 



sZ, 



ml 

sZ" 

d 



- dnd'^B''^ + e™"(9„6^ + ^™"(9„6'^ 
dkid'^g"''') - ^fcrf™^^" - dkd^'g"''', 



The action (j3.15p is invariant under the nilpotent BRST transformations (j3.16|) . 

Using equations of motion for the fields Z^j{x), Z'^{x), Z{x), A"^{x), 

B"^\x), C{x) and thus imposing gauge fixing conditions, we fix fields as 



^m ^ ^ml = (7 = 0, ^"in ^ ^mn ^ 

^m = ^ml = Z'^ = 0, = Vmn — -flmnjf^VkU Z = — -Tj'^'^Vmn, 



(3.17) 



where we denote 



1 



V^^=-dU'd^Cl + dm<P'd^<Pl + dMf 



+ d'^SkmdnO' + ^^kmdnb'^ + c'^SkmdnC — dmkdnd^ + -d^dkdmn 



+ {m ^ n). 



(3.18) 
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Then, we finally obtain the following gauge-fixed action, 

- 2abTdU' + + ^(/ + aa')6mnbfb''' }. (3.19) 

The action ()3.19p is invariant under the following on-shell nilpotent BRST transformation, 
in which the antifields and the auxiliary fields are eliminated. 



= c/"9„,0^ + b'^ - a'e^ 

Sf = rdnf, 

Sf = d^dnf + C', 

sa = d"'dna, 
sa' = d^dnd' , 

sb^ = d^'dnb^ + (/ - aa')(j)\ 

sb'^ = d^'dnb'^, (3.20) 

SC = d'^dnC + ^0^0/, 

sc = d^-dnc', 
sd"" = d^'dnd"', 

sa™ = 9„(rf"a'") - 9„rf'"a" + £'""(0/9„e^ - d^M^) - a'bY(f)^ 

-(e""c - r7™"c')9„a' - e™"9„(ca' + c'a), 
sU^ = dnid'^bf) - dndH"} + e^a^^j, 
sc™ = a„(rf"c™) - a„c/™c" + (e™"a - r7""a')a„a' + e™"^^/. 

We can check the following relations for the nilpotency of the BRST transformation. 



a Ond , 



5d. 



mn 



s dmn = - ( ^ jadna - ( — jadma + 'qmnV [j^ jadia 
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(others) = 0. 

Now we present a perturbative analysis of the gauge-fixed action. We would like to 
investigate the BRST Ward identities at the quantum level. Then, we find out that nonlocal 
anomalous terms obtained from one-loop calculations vanish by imposing a condition, 
which determines the critical dimension for this string model. For the explicit calculation 
it is convenient to introduce light-cone notations on the world-sheet^. Then, the gauge- fixed 
action ()3.19p is expressed with these notations 

^gauge-fixed = / d'x ja+^'^-O + 28+^ 3. ^ + 2d+fd^f 

+ a+(9_a+ -I- a^d+a^ + b+jd-bi_ + b-id+b{_ 

+ c+(9_c+ + c_(9+c_ — — d d-^-d~ 

+ (a+ + a_) ( + b-id+^' ) 

+ 0^6+/c_ - (/.^Ljc+ + (/ + ia+a„) b+jbi |, (3.21) 

where we denote a±{x) = a{x) =F (^'i^), 6^(x) = 6^(x) =F b'' (x) and c±{x) = c(x) =F c'(x). 
Propagators are derived by taking inverses of bilinear parts in the action ()3.2ip . 



d^p 1 



i(27r)2 p"^ + ie 



^-ip{x-y)^IJ 



J i^ZTiY -|- le 



{d±{x)a±{y))o = {c±{x)c±{y))o = -{d±±{x)d {y))o 

e~ 



d^p 2tp^ 
z(27r)^ p"^ + ie 

(Si(.)'-i(.))„^/-|^^e-<-'„" 
Now let us consider the following two-point function, 

Here we mention that the two-point function ()3.22|) should vanish from the BRST sym- 
metry V++{x) = sd-^+{x). Estimating all contributions arising from pairs (^^,^/), {(j)^ .(pi), 

^^Our convention of the light-cone coordinates on the world-sheet is = -^{x^ ±x^) . The metric tensor 

and the Levi-Civita symbol are given by ri++ = rj = 0, = t] |_ = —1 and = — e y = —1, 

respectively. 
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(a+,a+), {b+i,¥^), (c+,C4.), and (/, /) we can obtain the following result up to 

one-loop order, 



1 (v^)^ 
A{p)++ = -^(d + 2D - 2 - 2D - 2 - 2Q + 2)^^ ' 



487r3V I p4 

- 28 {p-f 



487r3 p-^ 

In a similar way we obtain 



(3.23) 



D-28(p+)3 

Next we evaluate the other type of the two-point functions 

A{p)+- = / ^(^++(^)^-(0)) e^'- 

D-8 fdk+dk' k+k- {p-ky{p-k)- 
87r2 J i(27r)2 fc+fc" + ze (p - A;)+(p - fc)" + ze' 

This two-point function is actually quadratically divergent. This divergent, however, will 
be absorbed adding a suitable local counter term to the action. We conclude then that the 
BRST anomaly vanishes if and only if 

D = 28. (3.25) 

4 Covariant quantization in the Hamiltonian formu- 
lation 

In this section we carry out the quantization of the classical action ()2.12|1 in the covariant 
Hamiltonian formulation given by Batalin, Fradkin and Vilkovisky. We present that the 
gauge-fixed action and the BRST transformation obtained in this formulation coincide with 
the result of the Lagrangian formulation if we make a proper choice of a gauge-fermion and 
a suitable identification of ghosts and ghost momenta. We also obtain the BRST charge 
in this formulation. 

First of all we decompose the world-sheet metric gmn{x) by using the following conve- 
nient parameterization pT] . 

/ 



(4.1) 



\ Ni-f 7 

where N{x) and A'^i(x) are the rescaled lapse and the shift function, respectively. Under 
these parameterization the factor 7(0;) decouples from Weyl invariant theory. 
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According to the ordinary Dirac's procedure, we introduce the following canonical mo- 
menta defined by P$a(x) = 6i^S/6{do^^{x)) corresponding to fields 









-^10', 




Pl= 






-Bi, 


(4.2) 


n= 

















and 

= P^, = Pa^ = Pi„ = Pcoi = 0. (4.3) 

The relations ()4.3p give primary constraints. A consistency check of these primary con- 
straints yields a set of secondary constraints 

^(^PlP^j + d^edi^i)=0, (4.4) 

Pidi^i = 0, (4.5) 

hdi^' = 0, (4.6) 

hPl = 0, (4.7) 

^^<P' = 0, (4.8) 

Pi = 0, (4.9) 

l<p'<Pi = 0, (4.10) 

and these conditions give no other relations. The constraints fj4.4|) and ()4.5|) correspond 
to the Virasoro constraints. We can easily show that the set of these constraints ()4.3|) 
and ()4.4j) - ()4.1()j) is first-class. Introducing Lagrange multiplier fields Xi{x) corresponding 
to primary constraints ()4.3p . a total Hamiltonian is given by 

H = Jdx'(^N{ 1(P/ + Ai0O(P5/ + AM + IdiC'd,^! 

+ {Pl^Bi)P-^j + di^'d,cPj) 
+ iVi((P/ + A^d^ii + (P; + B[)d^h + Pj9i0,) 

- A^(t>id^e - Po^9i0, - iCoi0V/ 

+ A^vPtv + A^ViP^i + Aa^Pa,„ + Am PL + Acoi^coi j- (4.11) 



The total Hamiltonian ()4.11|) is weakly vanishing on the constraint surface defined by ()4.3|) 
and (j4.4j) - (j4.1Uj) . The gauge transformations of the canonical momenta defined by (j4.2p 
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are given by 

(5P/ = di[k°Ndi^^ + {k^ + k^Ni)Pl 

5 Pi = - Pl[v' + k'^NAi) + (j)^{wi - AW - k^NA\ + A;°a 
- ^1 (u^ - k^Ndi^^ - {k^ + k'^Ni)Pl + - NiB[ 

+ (y + k\A^-N^Ar))die, 

5Pl = d,{k^Ndi(l)' + ik' + k''N{)Pl). 

In the construction of Batalin-Fradkin-Vilkovisky formulation fTB] a phase space is 
extended so as to contain ghosts //"^(x) and their canonically conjugate ghost momenta 
Va{x) corresponding to constraints G^a(x). Then a nilpotent BRST transformation is 
constructed and a physical phase space is defined as its cohomology which is a set of 
gauge invariant functions on the constraint surface. The role of the ghost momenta is 
to exclude functions vanishing on the constraint surface from the cohomology and gauge 
invariant functions are removed from the cohomology because of the action of the BRST 
transformation for the ghost. 

First of all we separate the variables into dynamical and non-dynamical ones. By 
adopting gauge conditions N{x) = 1, Ni{x) = 0, Am{x) = 0, B^^{x) = and Coi(x) = 
—C{x) = —Co (const.), we have a set of dynamical phase space variables (^^^ (x) , P^ (x)^ , 
(0^(x),P/(x)) and (4>\x) , P;^ (x)^ with the first-class constraints (|0 )) - (P1IH) . 

Here we rearrange the first-class constraints (j4.4p - (j4.1Up into the following forms, 

G,o = \{PiPii + dieOiii) + P^P^i + di^'d^h. 
G,, = P^d^ii + P^d^h + Pld^h. 
= hd^e. 

G^, = <PjPI, (4.12) 
G^i =di(f)^, 



Gf^ 



2" 

and introduce corresponding canonically conjugate pairs of ghosts and ghost momenta 
[r]o{x),Vo{x)), {r],{x),Vi{x)), {^n{x),V{x)) , (r/'(x), P'(x)) , {r]'{x),V-'{x)), {r]'\x),V'-'{x)) 
and (f]{x),P{x)^. Though the rearrangement of the constraints is not inevitable, it turns 
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out that to choose these combinations of the constraints is the simplest way to lead to the 
gauge-fixed action (|3.19|) in the covariant Hamiltonian formulation. 

As we explained in the previous section, the model has the reducible symmetry. Indeed 
the constraints G^i{x) and Gf^{x) are not independent due to the following relation, 

Gri" = diGf^ - ^iG^i = 0. (4.13) 

Therefore it is necessary to introduce one more Grassmann even ghost ri"{x) and its mo- 
mentum V"{x) corresponding to this reducibility condition. 

After the step by step construction according to the systematic procedure [221, we 
obtain the following BRST transformations in the extended phase space, 

s^' = - Plvo - di^'vi - (P'r]' - P't]oV + r"r]ov\ 
s(p^ = -Pivo - di(p^Vi, 

sPl = - 9i(9i0^r/o) - 9i(P;r7i) + Pli + d^ev + 0'^ - div' " ^"^o^ - V'r^", 
S(j)^ = - P^riQ - di(t)^rii - ri'\ 

3Pj = -9i(9i0%)-ai(P|r/O, 

sVo = - ^P^P^i - ^d,edi^i - P^P^i - d^^'d^h 

+ P^ViT] - PlvW - di^'V'iV + dxi'Viri - 4>'v\fi 

+ Po<9ir7i + 9i(Por?i) + Pi9ir/o + d^i^V^i]^) + V'd^i] + Vd^ii + V"d^i]i + V'd^r^j 

- V^V\rl' - Vridxi] - Vrldxri + P"r/9ir/o + di{V"f]r]o), 
srji = -T]odir]o - r]idir]i, 
sVi = - P/9i6 - P/5i0, - P|ai0, 

+ Vodir]o + 9i(Po^o) + Vidi7]i + diiViVi) 

+ VdiT] + V'diT]' + r^di7]i + V'^diii - diPf] - V'dir]", (4.14) 
sv = -VodW - VidiV, 

sv = - hdi^ - PlVjm + d,ev'jm 

sv' = -VodiV - VidiT]', 
sV' = - <PiPl + P^V'jVo - di^ViVo 
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37) = — diirjivi) — ridiT]' — rj'dir] + dii]", 
sV = - ]^(p'(j)i + 0'P;^7o + d{Pr^i - V'vodiVo, 
ST]" = - TjidiT]" - r]or]dir] - rjorj'diT]' - fjrjodiTjo, 
sV" = dj> - (f)iV' - di{V"m) + V'V'iVo- 

By using the generahzed Poisson brackets, a nilpotent BRST charge fimin, which reahzes 
the BRST transformations sX = {ilmin,-'^} for any canonical variables X, is defined by 

^^min = /d^' { ^0 ( ^ (PiP^i + di^di^i) + P^P^i + d^4>'dih) 
+ VI {Pidi^i + Pidih + Pldih) 

+Ti"{diV-4>iV') 

+PiVimv - Piv'imv' + i'd^iv'^) - ediiVimv') - <i>'v'M 

+ Voir^odiTqi + ?7i(?i?7o) + Vi {rjodirjo + TjidiTjij 
+ v{mdW + Vidiv) + V'{mdiv + VidW) 

+ V{v'd,r] + rjdW + d^ffi) + V'T'iVov" 

+ V"(r)idir)" + rjorjdir) + t^oV^iV + ^^o^i^o) |- (4.15) 

In order to fix the gauge, we extend the phase space further and introduce sets of 
canonical variables (\{x), A(x)^ and (^p(x), p{x)^ . Their statics are bosonic for (^X{x), X{x)^ 
and fermionic for (j){x),p{x)^ and the canonical structures are defined by 

{A, A} = -{A, A} = 1, 

^ ^ (4.16) 

{P,P}^{P,P} = -1- 



21 



BRST transformations are also extended to these variables as 

sX = p, sp = 0, 

(4.17) 

sp — X, sA = 0. 
The corresponding extended BRST charge is given by 

^nonmin J dx Xp. 

Now the gauge-fixed action is obtained by a Legendre transformation from the Hamil- 
tonian in the extended phase space, 

-^gauge-fixed = J { J dx\do^' P^I + ^q^^P^, + ^q^^P^/ 

+ d^r^'Vi + d^ri"V', + dof)V + dor]"V" 

+ dopp + doXX)-HKy (4.19) 

where Hk is a gauge-fixed Hamiltonian expressed by using a gauge-fixing fermion 

HK^{n,K}. (4.20) 

The gauge-fixed Hamiltonian Hk consists of gauge-fixing terms and ghost parts only since 
the total Hamiltonian of the system has vanished. There is no systematic way to find K so 
as to yield a covariant expression. Here, however, we can use the result in the Lagrangian 
formulation as a clue. Actually we would like to show that the two formulations give 
an equivalent result. We have found that the following gauge-fixing fermion K works as 
desired 

Jdx^(-Vo + fjdiX + pP"). (4.21) 

By integrating out the momentum variables P^{x), P^{x), P^{x), V"{x) and X{x) with 
this gauge-fixing fermion, we obtain the following relations, 

= doC' + V't] - V"r)', 

Pi = do<j^\ 

Pi = do^', (4.22) 

A = doT]" - r]idip + fjOiijo - 77^1 77 - r]'dir]', 
V" = doX. 
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Then, the gauge-fixed action becomes 

5'gauge-fixed = ^d^xj ^Oq^^ Oq^i - ^Oi^^di^l 

- Vodorjo + Vidir]Q - Vid^iqi + "Pq^i^i 

- VOqI] + V'diT] - V'dov' + Vdii 

- Vidov' + V'jdiT]' - V'.dov" + 

- Vdof] + pdif] - pdop + pdiP 
+ doXdov" -diXdiT]" 

+ do^'Viv - di^'V'jV - do^'VW + di^'Viv' - <p'V'jn + <p'Vip 
+ diXrjdiT]' + diXrj'diT] — diXdi{f]7]i) 

- doXrjidip + doXf]dir]o - doXrjdirj - doXrj'dir]' 

- V^V'iVoP + V^V'jT]T]' - V^Vyy (4.23) 

If we redefine the field variables as: 

7]o Vo -doo - c^dj + c^dof, 

r]^a, V^cP -di (fa) + fd^a' + 6?^^ 

V ^ -a', V ^ -ai + drifa') - fd,a - h]i\ 

f]-^~c°, V^-c + d^dif, 

i'^f + d'c\ A^/, 
p^c' + rf%/ + c?i9i/, p^c\ 

the action ()4.23|) and the BRST transformations ()4.14|) completely coincide with the gauge- 
fixed action (|3.19|) and the on-shell BRST transformations (j3.2Up in the Lagrangian for- 
mulation. After these manipulations we also obtain the final form of the BRST charge 

(mi, 
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+dofdof + d^fdj) 



+dofdJ + difdof) 




5 Noncovariant quantization in the light-cone gauge 
formulation 

In this section we investigate the dynamics of the model defined by the constraints (j4.3p 
and ()4.4p - ()4.1Up and Hamiltonian ()4.11|) in noncovariant gauge and obtain the same resuh 
of the critical dimension as in the covariant quantization*. In addition, we present a mass- 
shell relation of the model and give low energy quantum states. According to imposing 
the noncovariant gauge fixing conditions, we explicitly solve the constraints to some of the 
variables from the equations of motion. 

We begin by considering conditions for the scalar field (/)^(r, cr). It is convenient to 
introduce Fourier mode expansions of the canonical pair (0^(r, cr), P/(r, cr)]. 



otherwise = 0. 

In terms of the Fourier modes, the constraint ()4.8j] is equivalent to (pmir) = 0. We will 

later adopt a gauge fixing condition for this constraint. On the other hand, the equation of 

*In this section, we use conventions of the world-sheet coordinates as a;° = r and = a. We also 
parameterize the spatial coordinate as < cr < 27r and impose the periodical boundary conditions on any 
fields $'^(r, a) as $^(t, a) = $'^(t, a + 2n). 




(5.1) 



Poisson brackets are defined by 




(5.2) 
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motion for (p^r, a) on the constraint surface is dr4>\T, a) = 0. Together with the constraint 
0^(r) = 0, we then set the configuration of the scalar field as (f)^{T,a) = 4>\t) = 0^(= 
const.). 

As we did in the previous section, by using the gauge parameters k'^{T,a) for the 
general coordinate transformations we first adopt gauge fixing conditions for the constraints 
PN{T,a) = and PN-^{T,a) = as the orthonormal gauge N{T,a) = 1 and Ni{r,a) = 0. 
The U(1)vxU(1)a gauge parameters f (r, a), v'{t, a) and the global parameters ctj can fix 
to be Am{T,a) = corresponding to the constraints Pa^{t,(t) = 0. However, the system 
still has residual symmetries concerned with these gauge parameters k'"'{T,a), v{T,a) and 
v'{T,a). Taking these symmetries into account, we can adopt the following gauge fixing 
conditions on "two" light-cone coordinates^ of the background spacetime within the gauge 
N{t, cr) = 1, iVi(r, cr) = and A„(r, a) = 0, 



27r ' O ' ^ 271' 



(5.3) 

where and p'^ are light-cone components of the center of mass momenta. Therefore we 
can eliminate "two" unphysical components of the coordinates of the background space- 
time. Indeed the gauge fixing conditions ()5.3|1 correspond to ones for the first-class con- 
straints (IO|i -(IO). 

In order to show how these conditions ()5.3|) are accomplished, we use Fourier mode 
expansions of the canonical pair (^^^(t,(7), P^^(T,a)^. Under the gauge N{T,a) = 1, 
Ni{T,a) = and ^^.(t, o") = 0, the equations of motion for ^-^(r, cr) and P^{T,a) turn 
to be free wave equations and their solutions are 

I T (5.4) 
P/(r, a) = 1^ + — = E {ale—^^-^^ + a^e—^^^'^'^) , 

and Poisson brackets are given by 

{«m, «n} = {«m, «n} = -imT]^ 6m+n, (5.5) 

otherwise = 0. 



^^From the definition of the metric H2.1|l . we denote the light-cone coordinates of the background space- 
time as — {x~^ , x~ , x', x~^ , x~), where = -^{^^ i x^~^) and x^ = -^{x^ i x^) and the index i runs 
through 1, 2, . . . , D - 4. 
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In terms of the Fourier modes, the constraints (j4.4j) - (j4.7j) are equivalent to 

Lm = Lm = 0, (5.6a) 

= 0/«m = 0, (5.6b) 
where we define the Virasoro generators as 

k k 

and we denote = = 'p^ l{2\fT\\ The gauge fixing conditions ()5.3|) are equivalent to 

x"*" = a;+ = 0, 

(5.7) 

"m = "m = "m = "m = 0, (^ ^ 0). 

Now let us explain the procedure to obtain the gauge fixing conditions ()5.7|) . Within 
the orthonormal gauge we can perform changes of the background spacetime coordinates 
with the gauge parameters /c"'(r, a) provided that conditions drk'^{T,cr) = dak^{T,a) and 
drk'^{T,a) = dcrk'^{T,a) are satisfied. Here we take the following parameterizations of 
k"-{T,a) which satisfy these conditions, 

fc+(r, a) ^ i^(r + r) = i= ^ fc^e— (^+'^), 

k~iT, a) ^ ^{k^ - k'^) = k^e-^^^^-^\ 

In addition to these, the U(l)v x U(1)a gauge parameters f(r, a) and v'ij.a) can be also 
used to perform changes of the coordinates within the gauge ^^(t, o") = provided that 
conditions '(r, cr) = — (9o-^(t, cr) and drV^r, cr) = —da-v'{T, a) are satisfied. We take the 
following parameterizations of f(r, a) and f'(r, cr) to realize these conditions, 

V m^O 

The gauge transformations corresponding to these parameters are consistent with the equa- 
tions of motion for ^^{t, o") and -P/(r, a). Because, in terms of the Fourier modes, the gauge 
transformations are given by 



m 



6p^ = 0, 

Sai^ = -imYkm-nOii + Vm4>^ , (m 7^ 0), 

n 

6ai^ = -imYkm-nai + Vm4>^ , (m 7^ 0). 



(5. 



n 
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It is worth to mention that these gauge transformations are the same ones in usual string 
theories, except for the gauge transformations corresponding to the parameters f', Vm 
and Vm- However, we would like to emphasize that these gauge transformations can be 
disappear on the following components. 





— (, 


6+X+) = 


1 




a+ - 4 




—im 


5(0+ 


a+ - 4 




—im 



m 

^/c„_„(0+a+ - 0+a+), (m^O), 

n 

^A;„_„(0+a+ -0+a+), (m ^ 0). 



n 



By using the gauge degrees of freedom for and k^, which is the same manipulation to 
reahze the light-cone gauge fixing condition in usual string theories, we can adopt gauge 
conditions 

0+a+-0+«+=O, (m^O), (5.9) 
0+a+ - 0+a+ =0, {m^ 0), 

if the following condition is satisfied, 

_ ^ 0. (5.10) 

Next we use the gauge degrees of freedom for v', Vm and Vm in fl5.8|) . To keep the condition 
fl5.10|) both of the scalar fields 0+ and 0+ can not be vanish simultaneously. If 0+ ^ 0, we 
can adopt the following gauge fixing conditions of the + component, 

x+ = 0, 

, \ (5.11) 

«m = «m = 0, (m ^ 0), 

without spoiling the gauge fixing conditions (|5.9|) . From (j5.9p and (j5.11|) we can then obtain 
the gauge fixing conditions (j5.7p . In the similar way, we also conclude the same gauge fixing 
conditions ()5.7p . in the case 0+ 7^ 0. Therefore without the loss of the generality we choose 
the case 0+ 7^ throughout the rest of this paper. 

We next adopt the gauge fixing condition (^^-^-(r, cr) = —C{r,a) = —Cq (const.) with 
respect to constraints Pc^„{j,a) = 0, by using the gauge parameter Wm{T,a). Within 
this gauge we also have a residual gauge symmetry corresponding to the gauge parameter 
Wm.{= const.) which will be used later. 
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Using the remaining gauge parameters u^{T,a) and u'^{T,a), we can further impose 
gauge fixing conditions for the constraints -P|(t, a) — 0, Pb^{t, ct) = and 9o-0^(t, a) — 0. 
In order to specify the gauge fixing condition it is also convenient to introduce Fourier 
mode expansions. We hst below these for the canonical pairs (^(j)^ {r, a), P^{t, afj and 
(^B^{t, a), Pb^{t, cr)) and their Poisson brackets: 



{(f)^,P^) sector: 



Pi(^J . 1 



and Poisson brackets, 



• (S^,PiJ sector: 



Pkir, a) = ^ + E Pkmir)e-, 
Ztt V27r „ .0 



and Poisson brackets, 



and the similar relations for {B^, Pb^)- 
Then, equations of motion for 4>^{t, a) and P^{t, a), 

dr^\T,a) = Plir,a) + Bi{T,a), 

d^Piir, a) = dl^\r, a) - d^B^r, a) - Co<l>', 

are expressed by the Fourier modes. 



(5.12) 



Wm{r),pUr)}^v''Sm+n, (5-13) 
otherwise = 0. 



(5.14) 



{BUr),P'knir)} = v''Sm+n, (5.15) 
otherwise = 0, 



(5.16) 



dr^'{r)^^ + BUr), (5.17a) 
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dr^L{r)=pl^{T) + BUT), (5.17b) 
drPiir) = -2nCo<P', (5.17c) 
drPimi'^) = -m20^(r) - iniBl^ir). (5.17d) 

The equation of motion (|5.17cp for the non-oscillator mode of -P^ (r, a) can be solved as 

pj(r) = - 27r(7o0V, (5.18) 
where pi is a zero-mode and Poisson bracket is defined by 



{0%P^} = V • (5.19) 

On the Fourier components, the constraints -P^(t, a) = 0, Pj^^i^r, a) = and d„(j)\T, a) = 
are equivalent to 

0^(r)=O. 

Now we impose gauge fixing conditions corresponding to the constraints ()5.20j) . The gauge 
fixing conditions are determined so as to be compatible with the equations of motion 
()5.17ap - ()5.17d|) . By making the gauge transformations 



5 



50^ = u' 
5Bl = dru^ + d„u'\ 



with gauge parameters 



u\r,a) = - [ dr'Blir') - E -pU^y""" ^ 

J \/ ZTT _Ln III' 

and the equations of motion ()5.17a|l - (j5.17d|) . we obtain the following gauge fixing condi- 
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tions, 



pUt) (5-21) 
5^W = -^, BUr) = 0, 

Finally we consider the constraint 

= 0. (5.22) 

As we explained, the model has still residual gauge symmetry Wfj{= const.) within the 
gauge CraiTyCr) = —Co- Using this symmetry 

we can make the one of the zero-mode components of ^^(t, ct) to be vanish. By taking the 
case 0+ 7^ and choosing the gauge parameter w„ as 

we impose a gauge fixing condition 

v\ = 0. (5.23) 
We shall here summarize the correspondence between the constraints ()5.6a|) . ()5.6b|) . 
()5.20|) and ()5.22|) and the gauge fixing conditions ()5.7|) . 1)5.211) and ()5.23p obtained from 
the above manipulation within the gauge N{T,a) = 1, Ni{T,a) = 0, y4m(r, cr) = and 

constraints gauge fixing conditions 

Lo + Lq = 0, x+ = 0, 

Lm = Lm = 0, a+ = a+ = 0, (m ^ 0), 

(pip^ = 0, x+ = 0, 

= (Pi^L = 0, a+ = a+ = 0, (m ^ 0), 

Piir) = 4Jt) = 0, 0^(r) = 0^(r) = 0, 



PbM) = Pkmir) = 0, Biir) = B^r) = 0, 



^i(^) = 0, pj„(r) = 

b'<t>i = 0, pi = 0. 



1 



2 
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Under these gauge fixing conditions, the dynamics of the model is described by the zero- 
modes and the oscillator modes of the transverse string coordinates ^'(r, cr), the zero- modes 
of light-cone coordinates ^^(r, a) and ^^(r, a) and the zero-modes of the fields 0^(t, a) and 

In fact these gauge conditions completely fix the gauge degrees of freedom and these are 
consistent with the equations of motion. As the constraints are quadratic in the Fourier 
modes, we can solve the constraints directly and the dependent variables are expressed in 
terms of the independent variables. Here are the independent canonical variables 

{a;-,p+} = {x',p^} = -1, 

{«m> O = {«m> «n} = -iuiS'^ 5m+n, (5.24) 
{(/.+ ,P^} = {0-,PJ} = {0^,P^} = -1, 

and the remaining non- vanishing dependent variables are 

■1 (p'^p'^/,+ ,- 1 



-p+ - - 27r0+ (l*-- + L*--) |, 



— (f)+p 

«m = , T , \ , T (P^<f>'&mi - 2V^(P+L%) , (m ^ 0) , 
where the transverse parts of the Virasoro generators and Lj:^ are defined by 

A; k 



31 



Now let us investigate the symmetry of the D-dimensional background spacetime. The 
translation and the Lorentz transformation generators derived from the classical action 
()2.12|) are given by 



= (5.26a) 
^ ['da (e'P/ + 0^P/ + 0^P/ + B^Pi + BiPi - (/ ^ J)) 

= - ^ E :;^(«-™«™ + + - J)- (5.26b) 

Using the independent canonical variables (|5.24j) . the Poincare algebra ISO(D — 2,2) is 
satisfied, 

{P^P^} = 0, 

{M^^, P^} = r]^^P^ - r]^^P^, (5.27) 

if the level matching condition L^^ = Lq is imposed. Conversely, the gauge fixing procedure 
we considered is the way to preserve the full D-dimensional Poincare symmetry. 

According to the ordinary string theories in the light-cone gauge, we have to examine 
Poincare algebra ()5.27|) in the quantum theory [21]. The checking of the Poincare algebra 
is again straightforward, except for commutation relations [M*~,M-'~], [M*~,M-'~], and 
[M'-~ , M^~]. After lengthy computation, we can obtain the following results, 

- 2 

[M'-,M^-] = , ^""^^ :—A'^, 

^ ^ (0+p+-0+p+)2 



An anomalous term A^^ is 



A'j = -2(1 - E "^(a-mtt'm + a-mtt^ - ^ j) 

m=l 



00 



12 /^,m 



where the constant ao denotes the ordering ambiguity of the sum V^q + Lq'' in ()5.25|) by 
adopting the normal-ordering prescription. The anomalous term A^^ vanishes if and only 
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if 



D = 28, Oo 



= 2. 



(5.29) 



Then, the Poincare algebra ISO(26, 2) is satisfied in the quantum theory. 
A mass-shell relation of this string model is given by 

= 47r(iV + iV-ao), 



(5.30) 



where level operators N and N are defined by 



oo 



oo 



N 



m=l 



m=l 



The level matching condition Lq'' = is then expressed as N = N. Therefore, this 
closed bosonic string model also involves tachyon in the ground state and graviton gij{^), 
two-form field Bij{^) and dilaton 0(^) in the first excited massless state. 

6 Conclusions and discussions 

We have investigated the quantization of the U(1)vxU(1)a bosonic string model in two- 
dimensional quantum field theory. Even though the system has reducible and open gauge 
symmetries, we have shown that the covariant quantization has been successfully carried 
out in the Lagrangian formulation d la Batalin and Vilkovisky. In the covariant Batalin- 
Pradkin-Vilkovisky Hamiltonian formulation, we have considered the first-class constraints 
and the constraint algebra corresponding to the gauge symmetries and led to the same 
gauge-fixed action and ERST transformation as those of the Lagrangian formulation un- 
der the proper choice of the gauge-fermion and the identification of the fields. In addition 
we have obtained the BRST charge which generates the BRST transformations. Further- 
more we have presented the noncovariant light-cone gauge formulation and investigated 
the symmetry of the background spacetime. With careful considerations of residual gauge 
symmetries, we have specified the gauge fixing conditions corresponding to the first-class 
constraints. Under these suitable conditions, we have been able to clarify dynamical in- 
dependent variables and solve the first-class constraints explicitly. Although manifest co- 
variance has been lost, we have confirmed the full D-dimensional Poincare algebra of the 
background spacetime by direct computation. 

Since the quantizations of the model have been successfully carried out, we can argue 
the critical dimension of the string model. In our case, it turns to be 26-1-2. This means the 
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background spacetime involves two time-like coordinates. Conversely, the requirement of 
two negative signatures in the background metric is natural one due to the gauge invariance 
of our model. The critical dimension has been obtained from both the BRST Ward identity 
in the BRST formulation and the D-dimensional quantum Poincare algebra in the nonco- 
variant light-cone gauge formulation. Therefore, we have concluded a consistent quantum 
theory of our U(1)vxU(1)a string model has only been formulated in 26+2-dimensional 
background spacetime. We have also considered the quantum states from the mass-shell 
relation. Contributions toward the mass-shell relation from zero-modes of the scalar field 
(f)\x) are completely canceled, so that our closed bosonic string model possesses the same 
spectra as usual string theories. 

We propose the quantum U(1)vxU(1)a string model as a device to formulate the physics 
involving two time coordinates. In the formulation, the generalized Chern-Simons action 
has played an important role. From this viewpoint, it would be interesting to consider a 
low energy effective action which might be derived from our formulation of string theory. If 
we consider a background gauge field Ai{C,) which could be obtained from our open string 
or superstring model, it should have an additional gauge symmetry SAj{^) = 
where is a gauge parameter and 0/ is a constant null field, corresponding to the 

constraints ()5.6b|) . Such a gauge symmetry has been discussed in the formulation of 10+2- 
dimensional supersymmetric Yang-Mills theory 0. In this context, the generalized Chern- 
Simons action ^2] which can be formulated in arbitrary dimensions is also supposed to be 
useful for constructing the low energy effective action. 

The form of the classical action ()2.12|) suggests that this model should be more naturally 
defined in higher-dimensional field theories, namely, that membranes or p-branes are more 
fundamental than strings in our formulation. Actually, the action ()2.12j) is derived from a 
membrane action by adopting a compactification prescription. The U(l)v x U(1)a string 
model might be the first useful example which suggests higher-dimensional object like 
membrane or p-brane in the framework of perturbative field theory without using the 
concept of "string duality" . 
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Appendix A. Two-dimensional world-sheet 

The two-dimensional spacetime coordinates are denoted by x"^{= (r, a)). The two- 
dimensional fiat metric r^^n and Levi-Civita symbol Emn are given by 

n = 77""" = I ^ 1 £ = -p*"" = I ^ M 

'Imn '/ I 1 / ' '^mn i ^ ^ i . 

In the curved two-dimensional spacetime, the metric is given by gmn{x) and the covariant 
derivative V^, operates to fields as 

where T^rnn is the Christoffel symbol defined by Prnn = lg^^{dmgkn + dnQmk - dugmn)- 
The functional derivative with respect to a symmetric tensor V^'""(x) = V'^™'{x) is 



Then, the antibracket ()3.3p is explicitly written as 



Appendix B. Generalized Poisson bracket 

A generalized Poisson bracket [22] is defined by 

where canonical variables and P<^» are bosonic, and 9°" and Pga are fermionic. In the 
above definition the contraction of the indices contains the integration of space or spacetime 
and is the Grassmann parity of F . This generalized Poisson bracket will be replaced 
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by the graded commutation relation multiplied by —i upon quantization, as usual. The 
explicit forms of the basic Poisson brackets are given by 

{ip\P^.} = -{P^,,ip'}^6], 

The algebraic properties of the Poisson bracket are as follows: 

{F,G} = -(-)™{G',F}, 
{F,F„G} = F,{F„G} + 

Appendix C. BRST formulation of U(l)v x U(1)a model without 
two-dimensional gravity 

In this appendix we summarize the Lagrangian BRST quantization of U(l)v x U(1)a 
model without two-dimensional gravity. Since the quantization of this model is much 
simpler than that of the model coupled with two-dimensional gravity we have investigated 
throughout this paper, the following result might be helpful to understand the quantization 
of the U(1)vxU(1)a gauge structure. 

The action of U(l)v x U(1)a model without two-dimensional gravity is 

+ A^4>id^e + B"''d^4>i - \c<p'h ) , (C.l) 
which is invariant under the following local gauge transformation. 



5e= 






0, 














5C^ 





(C.2) 



After performing the BRST formulation, one obtains the following gauge-fixed action 

-^gauge-fixed = - Iv^'^'dU' dn^I - V"'''dm^' dn<f>I - v"'''dmfdnf 
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- 2ah^d^e + emnWc''<p' + \U + aa')e^Jfb^' |. (C.3) 
The action ()C.3|) is invariant under the nilpotent BRST transformations 

= 0, 

= b'^ - a'e^ 
s/ = 0, 
s/ = c', 
sa = 0, 
sa' = 0, 

s6^ = (/_aa')0^ (C.4) 
= 0, 

sc = -(f)^(j)l, 

sc = 0, 

sa™ = £"^'^(0,a„e' - dr^M') - a'bT<j>' 

- (£""c - r7™"c')9„a' - e"^"9„(ca' + c'a), 
sbT = e^^dn<pi. 
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